It is widely accepted that both ripples and dunes form in rivers by primary linear instability, the wavelength of the former scaling on the grain size, that of the latter being controled by the water depth. We revisit here this problem, using the derivation of the turbulent flow over a wavy bottom performed in Part 1. A multi-scale description of the problem is proposed, in which the details of the different mechanisms controlling sediment transport are encoded into three quantities: the saturated flux, the saturation length and the threshold shear stress. Theses quantities are modelled in the case of erosion and momentum limited bed loads. This framework allows to give a clear picture of the instability in terms of dynamical mechanisms. The relation between the wavelength at which ripples form and the flux saturation length is quantitatively derived. It allows to explain the discrepancy between measured initial wavelengths and predictions that do not take this lag between flow velocity and sediment transport into account. Experimental data is used to determine the saturation length as a function of grain size and shear velocity. Finally, we show that the presence of a free surface always has a stabilising effect, whatever the choice of the turbulence closure and of the sand transport model. Consequently, the shape of the dispersion relation obtained from the linear stability analysis of a flat sand bed is such that dunes can not result from a primary linear instability. This suggests that dunes form by a non-linear pattern coarsening which is limited by the flow depth.
Introduction
Since Richards 1980 , ripples and dunes observed on the bed of sandy rivers have been interpreted as the two most unstable modes of the same linear instability. They are standardly defined by their typical spacing: ripples, also sometimes called sand wavelets (Coleman & Eling 2000) , are the small scale bedforms whose wavelength λ scales on the grain size and dunes are those whose wavelength is comparable to or larger than the flow height H (Kennedy 1963 , Richards 1980 , Allen 1985 . This is a questionable criterion in many flume experiments, in which there is no clear separation of lengthscale between the spacing of ripple crests and H, but also for the bedforms superimposed on large-scale river dunes (Venditti & al. 2005) . Note that in some older articles (Hill & al. 1969 , Yalin 1977 , the classification of bedforms is rather based on the ratio of the grain diameter d to the viscous sub-layer depth i.e. on the particle Reynolds number u * d/ν. In any case, all types of bedforms result from the interaction between the sand bed profile, which modifies the fluid velocity field, and the flow that modifies in turn the sand bed through grain transport. While ripples present characteristics independent of the flow depth, dunes are, by definition, directly related to the presence of a free surface.
The experimental measurements on sub-aqueous ripples are numerous and exhibit large data dispersion. Amongst the reasons for these discrepancies, ripples exhibit pattern coarsening i.e. present a progressive increase of their typical length-scale as time goes by (Baas 1994 , Coleman & Melville 1994 , Coleman & Melville 1996 , Coleman & al. 2003 , Valance & Langlois 2005 , Raudkivi 2006 ). Many authors have only measured fully-developed wavelengths whose relation with the initial wavelength λ is still an open issue. The reference data-base of final wavelengths in inclined flumes has been collected by Yalin 1985. Although not directly comparable to the predictions of a linear stability analysis, it shows a distinct scaling law for hydraulically smooth or rough granular beds. For a particle Reynolds number u * d/ν smaller than 3, the viscous sub-layer is larger than the grain size d and the fully-developed wavelength turns out to scale on ν/u * , with a large -yet unexplained -prefactor (∼ 10 3 ). On the other hand, when the grain diameter d is larger than the viscous sub-layer, the wavelength was found to slowly increase with u * . Here we will focus on this hydraulically rough regime, in which the flow is turbulent at all scales down to the grain size. This corresponds to the domain of validity of the calculations performed in part I. In several experimental articles (Baas 1994 , Coleman & Melville 1994 , Coleman & Melville 1996 , Valance & Langlois 2005 , the initial wavelength λ has been carefully determined, showing scaling laws independent of the flow depth H. At large particle Reynolds number, λ is found to be almost independent of the shear velocity u * and to increase with the grain diameter d. These measurements will serve as a benchmark for the theory developed in the present paper.
Concerning dunes, most of the measurements have been performed in low Froude number natural rivers (Best 2005) . In the Mississipi river (Harbor 1998) , in the Rhine (Carling & al. 2000 , Wilbers & Brinke 2003 and in the Rio Parana (Parsons & al, 2005) , the observed wavelengths range from 0.5 H to 20 H for Froude numbers around 0.2. The suggestion by Kennedy 1963 , Allen 1985 or Colombini 2004 that mature dunes should present a well selected wavelength scaling on H/Fr 2 is thus far from reflecting the natural dispersion of field data. Flume experiments (see Guy & al. 1966 and the data collected by Kennedy 1963 ) have been performed under larger Froude numbers (around 0.5) and also show well-developped dune wavelengths between H and 30 H.
It is widely accepted that current ripples result from a linear instability whose key mechanism is a phase-lag between sediment transport and bed topography (Kennedy 1963 , Reynolds 1965 , Richards 1980 . This spatial shift can be conceptually splitted into two contributions. As seen in part 1, there is a lag between the elevation profile and the basal shear stress, encoded in the ratio B/A, which results from the simultaneous effects of inertia and dissipation i.e. from hydrodynamics only (Fig. 1 ). In addition, the sediment transport needs some time/length to adapt to some imposed shearing: the sand flux q reaches its saturated value q sat with a spatial lag, characterised by the saturation length L sat (Andreotti & al. 2002a , Andreotti & al. 2002b , Kroy & al. 2002 . When the sum of these two contributions results into a maximum flux upstream the bed crest, sediment deposition occurs on the bump, leading to an unstable situation i.e. to the amplification of the bedform (Fig. 1) . Conversely, when the maximum flux is located downstream the crest, the bump is eroded and the disturbance decay. The modelling of ripples thus ensues from the choice of particular models for the flow and for the transport. The linear stability analysis has first been performed by Kennedy 1963 but the potential flow considered failed to predict the existence of the lag between relief and shear stress. The description of turbulence has been progressively improved by Engelund 1970 , Richards 1980 and Figure 1 . Schematic of the instability mechanism showing the streamlines around a bump. The fluid is flowing from left to right. A bump grows when the point at which the sand flux is maximum is shifted upwind the crest. The upwind shift of the maximum shear stress with respect to the crest scales on the size of the bump. The spatial lag between the shear and flux maxima is the saturation length Lsat.
Sumer & Bakioglu 1984. None of these articles take into account a saturation length: the predicted wavelength λ is then proportional to the hydrodynamical roughness z 0 . A key mechanism introduced by Fredsøe 1974 and kept in the following models is the stabilisation of short wavelengths by slope effects. As evidenced by Charru 2006, the wavelengths predicted by these models strongly underestimate experimental findings, as they do not include any saturation length L sat . This concept was first introduced in the aeolian context by Andreotti & al. 2002b and Kroy & and developed in subsequent works (Elbelrhiti & al. 2005 , Andreotti & Claudin 2007 , suggesting that the initial wavelength actually scales on L sat , and not on z 0 . This line of thinking has been applied since then to sub-aqueous ripples (Valance 2005 , Claudin & Andreotti 2006 , Charru 2006 . Although L sat and z 0 are both ultimately related to the grain size d, they correspond to very different mechanisms associated to sand transport and hydrodynamics respectively.
It was first suggested by Richards 1980 that dunes could form by the same linear instability as ripples. Surprisingly, no article has ever exhibited a proper and complete dispersion relation showing, in the same graph, the growth rate σ for a range of wavenumbers k including both ripples and dunes. Instead, Richards 1980 provides such a plot but σ is rescaled by k 2 , which artificially enhances the apparent dune growth rate. More recently, Colombini (Colombini 2004 , Colombini & Stocchino 2005 has revisited this problem, introducing the height H f of the transport layer has a key parameter. This empirical refinement allows to produce a well-defined peak in the dispersion relation, associated to dunes. However, the model does not predict the appearance of current ripples anymore, which is suspicious.
The first section of the present article is devoted to the sediment transport issue. We summarise the framework allowing to abstract the details of the transport mechanisms into a parametrisation unifying the description of the different modes of transport and thus valid in the sub-aqueous and aeolian cases. A quantitative model of the transport threshold is proposed that includes the slope effects. We then show that the sediment transport can be limited either by the erosion rate or by the momentum available in the flow. We propose a self-consistent model that unify these two mechanisms and discuss the scaling law of the saturation length L sat . In the second section, we revisit the formation of current ripples (and aeolian dunes) by linear instability, using the quantitative hydrodynamic calculation performed in part 1. It confirms that the most unstable wavelength is determined by the saturation length, and not by the hydrodynamical roughness. This allows to determine the saturation length from the experimental measurement of the initial wavelength and to discuss its dependence on the grain size and the shear velocity. Finally, using the systematic development of the flow field with respect to the corrugation amplitude performed in part 1, we discuss the non-linear selection of ripple aspect ratio. In the last section, we investigate the effect of a free surface on the linear instability. The excitation of standing waves turns out to have a stabilising effect, independently of the details of the flow and sediment transport models, which is by no means consistent with the formation of river dunes by a primary instability. We finally discuss how these bedforms could form by non-linear pattern coarsening (Raudkivi & Witte 1990 , Raudkivi 2006 ).
The saturation length paradigm

Saturation transient
Whatever the modes of transport (bed load, suspended load, saltation, reptation, etc) and the dynamical mechanisms controlling this transport (hydrodynamical erosion of the bed, splash, mixing by turbulent fluctuations, etc), we emphasise here that a common framework can be used to encode the transport properties into few variables.
The situation of reference is a uniform boundary layer of shear velocity u * over a flat sand bed characterised by a threshold shear velocity u th . The transport is then in an equilibrium state characterised by the saturated flux q sat , which is a function of u * and u th . We shall emphasise the precise meaning of u * in this context. On the one hand, u * is defined from the Reynolds shear stress i.e. from the averaged correlation of velocity fluctuations u ′ w ′ . On the other hand, the transport is mostly determined by the velocity field inside the transport layer. If the latter is embedded in the inner friction layer, then the average velocity is locally logarithmic and can be related to the basal shear stress. u * should thus be determined from velocity measurements performed inside the logarithmic sub-layer -i.e. within a distance of 10 −2 λ from the surface, see part 1. The time-scale over which the momentum is exchanged increases linearly with the distance z from the surface (it scales as z/u * ). Thus, the velocity fluctuations at time-scales smaller than z/u * should be associated to the turbulent shear stress and those slower than z/u * , to variations of u * (t). The shear velocity u * (t) relevant for sediment transport should thus be averaged over the time-scale H f /u * based on the transport thickness H f .
Considering an inhomogeneous situation -for instance a spatial variation of the shear stress -the sand flux is not instantaneously in equilibrium with the local shear stress. In most of the situations, the transient toward equilibrium can be described by a first order relaxation law, with a single time and length scales:
where the flow goes in the increasing x direction. In a situation homogeneous in space, T sat is the time needed for the flux to reach again the saturation if the flow speed suddenly changes. Conversely, in a steady situation where there is no flux at the entrance of a volume of control, L sat is the length needed for the flux to reach q sat (Andreotti & al. 2002a , Hersen & al. 2002 , Kroy & al. 2002 , Andreotti 2004 , Valance 2005 , Elbelrhiti & al. 2005 , Charru 2006 , Andreotti & Claudin 2007 . As the relaxation time is usually much smaller than the time-scale of evolution of the bed-form, we are left with a description of the transport by three variables: the saturated flux q sat , the threshold shear velocity u th and the saturation length L sat . This multi-scale approach allows to separate clearly the dynamical mechanisms that govern the emergence of bed-forms from that governing the sediment transport. In other words, sub-aqueous ripples and aeolian dunes are of the very same nature: a primary instability that is not sensitive at all to the mode of transport (bed-load vs saltation) (Hersen & al. 2002 , Claudin & Andreotti 2006 ). This framework rests on two important assumptions. First, the depth of the logarithmic sub-layer in which the shear stress is vertically homogeneous should always remain larger than the transport curtain -see part 1. Second, there is in general more than one relaxation mode and consequently a whole spectrum of relaxation times and lengths. The description by a a first order relaxation implies that one of these modes is significantly slower than the others. Otherwise, two or more saturation lengths have to be taken into account in a higher order relaxation equation.
We aim here to discuss the origin of the existence of a transport saturated state and to propose a self-consistent model, predicting the main characteristics of transport: the static threshold, the saturation length and the saturated flux. Note that the equations governing the evolution of river ripples and the aeolian dunes are the same, once shear velocities are rescaled by the transport threshold u th , lengths by the saturation length and times by L 2 sat /q sat . It means that different modes of sediment transport (saltation, reptation bed-load, etc) in different situations (viscous, turbulent, etc) can lead to bedforms instabilities of same nature †.
Static threshold
The bed load threshold is directly related to the fact that the grains are trapped in the potential wells created between neighbouring grains at the sand bed surface. To obtain the scaling law of the threshold shear stress, the simplest geometry to consider is a single spherical grain jammed between the two fixed grains below it. We start from the situation in which the cohesive forces between the grains are negligible and the friction at the contacts is sufficient to prevent sliding. The loss of equilibrium occurs for a value of the driving force F proportional to the submerged weight of the grain: F ∝ (ρ s − ρ f )gd 3 , where ρ s is the mass density of the sand grain, and ρ f is that of the fluid. As F is proportional to the shear force τ d 2 exerted by the fluid, the non-dimensional parameter controlling the onset of motion is the Shields number, which characterises the ratio of the driving shear stress to the normal stress:
The threshold value can be estimated from the force balance. In the viscous regime, the grain drag coefficient C d is inversely proportional to the grain Reynolds number
in the turbulent regime. Typical values found for natural sand grains are C ∞ ≃ 1 and s ≃ 5. The generic situation is a uniform shear stress ρ f u 2 * , for which the velocity profile is linear in the viscous regime:
and logarithmic in the turbulent regime: where κ is the Von Karman constant and r the ratio of the aerodynamic roughness to the grain diameter. The threshold Shields number is constant (see Appendix A), both in the viscous Θ th = 8µ 3s 2 (2.5) and in the turbulent regime:
where µ is an effective friction coefficient. The laminar-turbulent transition, indicated by the grey zone on fig. 2c ), is determined by the Reynolds number and thus depends on the grain diameter d. In most of the situations relevant to geophysics, d lies in the cross-over between these two regimes. Figure 2 shows the comparison between experimental data for natural sand grains and the full model, whose derivation is provided in appendix A.
There is no adjustable parameter in the model as one can measure independently the avalanche slope µ = tan 32
• , the drag coefficients and the sand bed roughness r = 0.1. It is worth noting that continuum mechanics cannot predict correctly this threshold. Assuming that the granular presssure P and the shear stress τ are continuous at the fluid/grain interface, the standard Coulomb criterion τ /P = µ leads to a null threshold shear stress. Part of the problem comes from the fact that the pressure P felt by the first layer of grains is due to its own weight: ≃ (ρ s − ρ f )gd. Introducing such a pressure discontinuity, one finds a threshold Shields number Θ th ≃ µ which is independent of the flow regime and much too large, compared to measurements. This means that there is no continuity between the fluid and the granular shear stresses.
Due to gravity, it is much easier to transport sediments along the lee side of a sand patch than on the stoss slope. This effect is directly encoded into the dependence of the saturated flux on the transport threshold, which depends on the slope. Let us note α the bed angle at the scale of the saturation length. The force balance now reads:
The threshold shear stress can thus be written as: ρ f u 2 th (cos α + sin α/µ). Inserting this expression into the saturated flux formula, one can see that gravity leads to a down-slope component of the flux i.e. to a diffusion mechanism. The dependence of the threshold on the slope has only been measured experimentally with spherical glass beads, in the viscous regime. The result is pretty surprising as one finds µ ∼ tan 70
• . One can wonder if this result, still unexplained, is also valid for natural sand grains. The slope dependence of the threshold shear stress has also been measured in the case of aeolian transport, for rough sand grains. There, the best fit gives µ = tan 32
• , as expected. Note as from now that the uncertainty on µ has direct consequences on the prediction of bedform initial wavelength. We will turn to this issue section 3.4 (see also fig. 6 ).
Erosion limited transport
When a sand bed is submitted to a flow, only a small fraction of the grains at the surface are entrained and this erosion process takes some time to occur. We first model the erosion rate, and in particular the role played by the disorder of the surface. We define N (Θ) the fraction of grains at the surface susceptible to be entrained at a Shields number Θ. In the absence of flow, for Θ = 0, N is null. It increases very quickly around the mean threshold Shields number Θ th and reaches 1 for large velocities. N (Θ) reflects and encodes the distribution of potential wells at the sand bed surface. Whatever the functional form chosen for this, there are two important parameters: the Shields number around which N switches from 0 to 1, which reflects the overall transport threshold and the typical slope N ′ in the same zone. A simple choice is:
For the sake of simplicity, we consider that one grain at the surface occupies an area d 2 . We start from a very simple assumption: when one grain is entrained, we hypothesise that there can be no further erosion in the surrounding area until the grain has moved (vertically) by a distance comparable to its own diameter d. The description of the elementary jump by one grain diameter is derived in appendix B. The erosion time T is the time needed to pass over d. Around the threshold, it behaves as:
The erosion flux ϕ ↑ is the volume of grains eroded per unit time and unit surface. It can be expressed as an integral over the possible local configurations:
where φ is the bed volume fraction. At the leading order in Θ − Θ m , we get the approximate scaling law:
Close to the threshold, there is a regime in which the density of mobile grains is not sufficient to induce a significant reduction of the flow strength in the transport curtain. The saturation of the flux is then controlled by the erosion rate and the disorder of the sand bed. This idea was initially proposed by Charru & al. 2004 , who proposed a semiphenomenological model that uses extensively experimental results. Here, we start from simple physical hypotheses and then propose a rigorous derivation of the model. We consider that there is no feedback of transport on the flow: the grains may be considered as isolated. It corresponds to a dilute transport layer. In the present model, the length of a trajectory is independent of the trap in which the grain was initially and fluctuates around a well defined average ℓ. The mean area explored by the grain is ℓd and contains, by definition of ℓ, a mean number of potential wells sufficiently deep to trap the grain equal to 1. We obtain the expression:
At small Θ, ℓ is simply one grain diameter d; at large Θ, N tends to 1 so that ℓ diverges. ℓ is the length needed for the transport to adapt to a change of shear stress. It thus gives the saturation length L sat . This evidences the characteristics of this regime: the shear velocity should be around the threshold, the transport should be intermittent and diluted and the distribution of potential wells should be very large. As suggested by the experiments of Charru & al. 2004 , a granular bed prepared by sedimentation is initially very disordered and consequently presents a wide range of potential wells. It then takes a very long time for the surface to re-arrange, leading to a drift of the distribution N toward smaller and smaller threshold shear stresses. This regime is probably less relevant to geophysical situations in which the time and length scales of the systems are always sufficiently large to ensure that an equilibrium state has been reached. The saturated flux is simply the erosion rate times the hop length ℓ:
By construction, it vanishes at the Shields number Θ m and diverges at Θ M . The transport is thus limited by the erosion rate only close to the threshold Θ m , in the presence of a disordered bed. As the density of transported grains becomes important, the transport becomes limited by the available momentum.
Momentum limited transport
In this second regime, the saturation of the flux comes from the negative feedback of the transport on the flow (Bagnold 1956 ). Basically, each time the flow entrains a grain from the bed and accelerates it, the grain exerts in return a stress on the fluid. As a consequence the fluid velocity in the transport layer is reduced, compared to that in a particle-free flow. We consider the regime in which the transported grains do not form a dense multi-layer flow at the surface of the sand bed. They leave the bed with a velocity v ↑ and collide back the sand bed with a velocity v ↓ . The sand-borne shear stress is proportional to the sand flux and to the difference (v ↓ − v ↑ ). The fluid in the transport curtain is assumed to be in equilibrium between the driving shear stress ρ f u 2 * , the fluid-borne basal shear stress ρ f u 2 f and the sand-borne shear stress:
(2.14)
It is very important to understand that the particles are entrained by the flow at a velocity reduced by the presence of other particles. The grain trajectory is encoded into a single quantity, (v ↓ − v ↑ )/ℓ, which is a function of the reduced shear velocity u f and not of u * . Assuming that v ↓ − v ↑ scales on the grain mean velocity, the ratio (v ↓ − v ↑ )/ℓ is proportional to the hop time T so that equation (2.14) leads to:
A second equation comes from the balance between erosion and deposition, which is the same as in the previous paragraph (eq. 2.13) except the reduced value of the shear stress in the transport layer:
Eliminating the flux between the equations (2.15) and (2.16), one obtains a relation between u f and u * .
Just above the threshold, the flow in the transport curtain is undisturbed: u f ∼ u * . The erosion limited regime is recovered and the flux can be approximated by:
Far above the threshold, for large values of u * , the shear velocity u f inside the transport curtain tends to u M i.e. to a value independent of u * . The flux then scales as:
Thus, in the momentum limited regime, q scales at large velocities as u 2 * and not u 3 * as usually obtained. The same result is valid for aeolian transport, for which the negative feedback of particles on the flow has been directly evidenced experimentally. Also denied for historical reasons, the scaling law in u 2 * is, in that case, the best description of existing data (Andreotti 2004 ). In fig. 3 , we have re-plotted the measurements of the saturated flux collected by Julien 1998 for the sub-aqueous case. It exhibits a large dispersion due to several factors. First, different granulometries have been plotted together without any distinction of symbols. Second, the reproducibility of experiments is made difficult by the problem of granular bed preparation: we emphasise again that sedimentation leads to an out of equilibrium situation that can last for days. Third, it is difficult to estimate the basal shear stress in flume experiments due to lateral boundaries. Given these reserves, the fit by the model derived here provides a good description of existing data.
As many other formulas would provide an equally good fit, forthcoming dedicated experiments should be designed to test directly the ingredients of the models. For instance, the measurement of the hydrodynamic roughness in presence of transport can provide a direct evidence of the negative feedback of particles on the flow (see Andreotti 2004 for the aeolian case). The influence of the transport curtain on the rest of the flow is to increase the apparent hydrodynamic roughness z a . Just at the top of the transport curtain, at z = H f , the velocity U f can be described in terms of inner and outer layers:
For large u * , in the momentum limited regime, U f and H f tend to constant values. The apparent roughness then varies as:
Note that a standard error is to consider that the particles constitute a moving boundary and thus lead to a drag reduction. The only possible effect is in fact an increase of the dissipation rate. The last key issue is the saturation length. The sand flux is the product of the grain velocity by the density of mobilised grains. Two important mechanisms can thus control the saturation length: the length needed by the grain to reach its asymptotic velocity -the so-called drag length -and the length needed for erosion to take place i.e. the trajectory length ℓ. In the full problem, the coupling of the flow to the transport has to be taken into account and leads to further length scales; such a description is far beyond the purpose of the present paper. The modelling of the drag length is already a difficult problem as the trajectory takes place in a turbulent flow whose fluctuations are not due to the motion of the grain itself. The problem is thus very different from that of a sphere moving in a fluid at rest, problem for which the drag law is calibrated. To the best of our knowledge, the motion of a sphere whose diameter lies in the inertial range of the turbulent flow is still a fully open problem. We are thus left with dimensional analysis, which predicts a drag length L drag scaling as (ρ s /ρ f )d. In summary, in the erosion limited regime, L sat is expected to scale as:
In the momentum limited regime, L sat should scale as:
As from now, one can see that these two predictions are difficult to test. The erosion length gently increases with the shear velocity while the drag length is independent of it; the drag length increases with the density ratio ρ s /ρ f but, experimentally, this parameter can difficultly be varied by a large factor.
Sub-aqueous ripples
Linear stability analysis
Given that the details of the sand transport only affect the saturated flux, the saturation length and the threshold shear stress, we can perform the linear stability analysis of a flat sand bed in a very general framework. We consider a periodic disturbance of the bed profile Z. As the base state is homogeneous, we can seek for modes of the form exp(σt + ik(x − ct)). Following part 1, the shear stress σ xz induced by the wavy sand bed is written in the Fourier space aŝ
where u * is the shear velocity in the reference state and k = 2π/λ the wave number associated to the spatial coordinate x. It has been suggested by Colombini & Stocchino 2005 that the normal velocity of the grain-fluid interface could significantly change the flow. Computing the flow in the co-moving frame of reference, the dunes do not propagate anymore (but they grow). Dimensionally, the growth rate σ is related to the sediment transport and is of the order of q sat /L magnitude smaller than the typical flow shear rate: the time-scale of formation of subaqueous ripples is typically ten minutes to be compared to few tens of microseconds for the period at which the flow is excited by the dune relief, λ/U . So this is a purely negligible effect, and the flow field can be computed over a static sand bed. We refer the reader to the part 1 of this article for the derivation of the component of the shear stress A and B respectively in phase and out of phase with respect to the profile. The lag between the maximum shear stress and the ripple crest is given by λB/(2πA).
The threshold shear stress is a function of the slope:
where µ is close to the dynamical friction coefficient. The shear stress and the slope control the saturated flux q sat (u * , u th ):
Introducing a reference flux Q, we rewrite this expression under the form:
where a and b are the component of the saturated flux in phase and out of phase with the relief. Now the flux relaxes to its saturated value with a spatial lag L sat :
Using the conservation of matter ∂ t Z + ∂ x q = 0, one obtains the dispersion relation:
Splitting the equation into its real and imaginary parts, one obtains the growth rate σ and the propagation speed c:
This corresponds to a standard convective instability at large wavelengths (Fig. 4) . The cut-off wave-number k c above which modes are stabilised by the saturation length is given by:
Note that the instability can present a threshold different from the transport threshold if b vanishes at some value of u * larger than u th . In first approximation, a and b are weak functions of kz 0 . Then, one can approximate the maximum growth rate wave-number k max as:
(3.10)
It can be inferred from the conservation of matter that the propagation velocity c is proportional to the difference of flux δq between trough and crest and invertly proportional to the ripple height 2ζ -this is the so-called Bagnold relation. At large wavelength • (⋄), tan 32
λ, δq is proportional to the reference flux Q and to the height so that the propagation speed varies as: c ∝ Q/λ. This is confirmed by figure 4b ), which shows a roughly linear relation between c and k.
Erosion limited transport
Remember that the sand transport mechanisms are mainly encoded into the length-scale L sat and the time-scale L 2 sat /Q. Still, there are sub-dominant dependencies coming from a and b. The latter can be computed for any particular relation between sediment flux and shear stress. For instance, in the case of the erosion limited transport, the saturated flux reads:
Defining the reference flux as
we get:
Close to the threshold, (for u * ≃ u th ), a tends to A and b to B − µ −1 . For asymptotically large shear stresses i.e. u * ≫ u th , a tends to 2A and b to 2B − µ −1 . Thus, the ratio b/a increases with the flow strength. This means that the destabilising mechanism becomes more and more efficient as u * increases so that the maximum growth rate wavelength λ max decreases with u * (fig. 5) .
If B is between 1 2 µ −1 and µ −1 , then b vanishes for some value of u * larger than u th . The instability threshold is then distinct from the transport threshold, as observed in the viscous regime. As expected for such an instability, the most unstable wavelength then diverges at the instability threshold ( fig. 5b ) -in practice, it would be limited by the geometrical size of the experiment. In the turbulent regime, however, B is sufficiently large to ensure that flat beds are unstable as soon as transport takes place. Correspondingly, λ max remains finite at u * = u th .
Momentum limited transport
When the transport is limited by momentum, we have seen that the generic form of the saturated flux is:
The self-consistent model derived above gives γ = 0 while the Bagnold 1956 formula involves an exponent γ = 1. We now define the reference flux Q by:
so that a and b read: For asymptotically large shear stresses i.e. u * ≫ u th , a tends to A and b to B, independently of γ and µ. Close to the threshold, (for u * ≃ u th ), a tends to A/(1 + γ) and b to (B − µ −1 )/(1 + γ). So, again, the instability threshold is above the transport threshold when B is smaller than µ −1 .
Ripples wavelength selection
Using the results of part I, the wavelength of maximum growth rate can be computed, taking into account the dependencies of A and B on kz 0 . The most important question • and γ = 0.5 (typical aeolian case). The dashed line corresponds to the erosion limited transport model with the same parameters except Lsat/z0 = 80 (typical sub-aqueous case). The dotted line does not take any saturation length into account and serves as a reference: the sharp decrease of the two other curves are to be associated with the stabilisation of small wavelength by the saturation length. The symbols ( ) correspond to aeolian field measurements (Badock & al. 2007 , Parteli & al. 2006 .
is the selection of the wavelength. There are two length-scales in the problem: z 0 which is an hydrodynamical quantity and L sat which is related to the sand transport. Figure 6 shows that the saturation length controls the scaling of λ max if L sat is larger than z 0 , whatever the transport model. Conversely, z 0 controls the scaling of λ max if it is larger than 10 L sat . For sub-aqueous ripples, the measured wavelength is usually larger than 100 d while z 0 is of the order of 0.1 d. If the scaling was controlled by z 0 , one would underestimate the most unstable wavelength by two orders of magnitude. As a consequence, the wavelength is controlled by the transport saturation length L sat . This means that any model in which a univoque relation between the flux and the shear stress is used cannot capture correctly the physics of ripple instability. Second conclusion, although the saturation length may be determined by different dynamical mechanisms, aeolian dunes are of the very same nature as sub-aqueous ripples. Figure 5b ) summarises the parametric dependence of the most unstable wavelength. Due to the stabilising gravity effect i.e. to the slope dependence of the threshold, λ max increases close to the threshold shear stress. Of course, this effect is very sensitive to the value of µ. Considering the value found experimentally by Loiseleux & al. 2005 for glass beads, there is almost no effect: λ max gently decreases from 17 L sat at the threshold to 16 L sat for asymptotically large u * . Conversely, if for the same glass beads, the avalanche slope is taken for µ, one predicts a divergence of the most unstable wavelength at the transport threshold. For natural sand grains, it is reasonable to take µ = tan 32
• , which leads to a decrease of λ max from 30 L sat to 20 L sat approximately.
It can be seen in figure 5a ) that the influence of the transport model is rather small. For a flux of the form q sat ∝ u γ * (u 2 * − u 2 th ), the resulting prediction is weakly dependent on the exponent γ; for the erosion limited model, the curve is shifted up by ≃ 30%. The most unstable wavelength is thus not very sensitive to the formula used for q sat , meaning that the qualitative conclusions reached here are independent of the particular model used.
Ripple amplitude selection
In part 1, we have performed a weakly non-linear expansion of the hydrodynamics above topography up to the third order in kζ, which is the small parameter of the problem. As a main output of these non-linear calculations, the phase shift between the elevation profile and the basal shear stress gets reduced as the amplitude ζ increases, which stabilises the bedform. Considering a sinusoidal profile, the Taylor development of the basal shear stress components takes the form A = A 1 + A 3 (kζ) 2 and B = B 1 + B 3 (kζ) 2 . We note ζ NL , the particular amplitude for which a purely propagative solution is selected, which does not grow nor decay: ∂ t Z = −c∂ x Z. This gives the condition: b = akL sat . Figure 7 shows the prediction of the bedform aspect ratio 2ζ NL /λ as a function of kL sat for two sets of parameters, which corresponds to typical aeolian and sub-aqueous situations. At small wave-number, the aspect ratio increases logarithmically with k. It then decreases abruptly and vanishes at the cut-off wave-number k c . Under aeolian conditions, the predicted dune aspect ratio is around 1/15 which quantitatively matches field measurements (≃ 1/13). Concerning current ripples, the measured aspect ratio are much more dispersed: Allen 1985 and Melville 1994 report values around 1/20, which is consistent with our prediction, whereas Baas 1999 found values around 1/8.
Comparison with experiments
Rather than predicting the wavelength and comparing it with experimental data, we have inverted the process and determined the value of the saturation length that would give the observed wavelength. We have chosen the erosion limited transport model and Figure 9 . Comparison between the saturation length, rescaled by the drag length, in the aeolian (⋆) and sub-aqueous (other symbols, see fig. 8 ) cases. For aeolian dunes, Lsat is determined from the most unstable wavelength under well characterised winds (see appendix). For sub-aqueous ripples, each point corresponds to an average over 6 measurements. The dashed line corresponds to the entrainment threshold. The solid line is the average over the different points measured in the aeolian case:
checked that other choices do not change the conclusions reached here. µ has be chosen equal to the avalanche slope. Most of the experimental data available in the literature correspond to well-developed ripples. As such bedforms exhibit pattern coarsening, it is very important to focus on papers reporting the initial wavelength (linear regime), measured for grain sizes larger than 200 µm (hydaulically rough sand bed). We have selected five such data-sets: Coleman & Melville 1996 , Baas 1999 , Valance & Langlois 2005 As shown on figure 8, they present consistent trends, which is not the case for the data obtained with small grains of ∼ 100 µm. The saturation length is of the order of several grain diameters. It is slightly smaller for the glass bead experiment than for the natural sand grain ones. The points around the threshold are very sensitive to the values taken for µ and u th and should not be over-interpreted. The slight increase of L sat with u * is more robust, although it is based on the last few data points. More significant is the decrease of the ratio L sat /d when d increases, present for both glass beads and sand grains. It could be related to a subdominant dependence on viscosity.
In the section devoted to the description of sand transport, we have discussed the two simplest possibilities for the dynamical mechanisms limiting the transport saturation: erosion and inertia. Concerning erosion, the prediction L sat = ℓ ∝ d/(1 − N (Θ)) is almost impossible to verify as the distribution of potential wells at the surface of the bed is not known. Still, with the simple parametrisation chosen above, one expects the saturation length to scale on the grain size and to gently increase with u * . The solid line in figure 8b ) is the best fit by such a form. One obtains the estimate: Θ M /Θ th ∼ 27. Figure 9 aims to test the second simple possibility: an inertia limited saturation. In this regime, one expects a scaling law of the form L sat ∝ (ρ s /ρ f ) d similar to that observed for aeolian sand transport (Hersen & al. 2002 , Andreotti 2004 , Claudin & Andreotti 2006 , Andreotti & Claudin 2007 . We report in the Appendix some measurements of the wavelength at which aeolian dunes form, obtained either in the field or using aerial photographs. Using the inversion method proposed here, the saturation length has been obtained for different wind shear velocities (Fig. 9) . The wavelength of under-water ripples obtained with glass beads follows -at least apparently -the same law. The points obtained with natural sand grains are two times larger than that. o , u th /u * = 0.8 and Lsat/z0 = 80. In (a), σ is rescaled by Lsat and k by z0, whereas in (b), (c) and (d) all lengths are rescaled by the relevant length-scale H, so that all curves collapse in region where kH ≃ 1. The dashed line represents the reference unbounded case presented in the previous section. In panel (c), due to the log-scale, the absolute value of σ is displayed and the grey areas encode for negative values of the growth rate.
To conclude, the two simplest mechanisms provide equally good predictions of the measured saturation length. None of them predicts the subdominant dependence of
Effect of the free surface
Dispersion relation
In the previous section, both hydrodynamic and erosion aspects have been gathered to study bedforms (ripples) under an infinite depth assumption. However, rivers have a free surface and the water depth H is finite. We expect these two additional ingredients to significantly change the shape of the dispersion relation.
Our goal is to relate the formation of ripples and dunes to the two relevant length-scales H and L sat . In part 1, we have precisely computed the basal stress coefficients (A and B) in the case of a turbulent river flowing over a wavy bottom. The large wave-numbers are insensitive to the free surface (Fig. 14 of part 1) . By contrast, A and B display a resonance peak around kH ≃ 1/Fr 2 and have a divergent behavior as k → 0. As σ and c are directly related to A and B, through eqs. (3.7) and (3.8), they present the same features. In Figure 10 (a), the growth rate is represented as a function of kz 0 for three different values of H/z 0 . All curves collapse in the large-k region on the dispersion relation computed in the reference unbounded case. In particular they exhibit a maximum for the same wave-number, which corresponds to the initial ripple wavelength. This means that the presence of the free surface does not influence the formation of ripples as long as H and L sat are well-separated length-scales. In a zone around kH ≃ 1/Fr 2 (see Figure 10b ), the function σ(k) presents a sharp dip, compared to the reference case, which must be attributed to a resonance of gravity surface waves. It is thus a robust effect, independent of the transport issue. As shown in Figure 11 (a), the width and the amplitude of this dip is very sensitive to the value of the Froude number. For small Fr, the effect of the free surface is marginal and the dip is very small. As the Froude number increases, the dip becomes more pronounced so that the growth rate σ becomes negative in an enlarging range of wave-numbers: the free surface stabilises wavelengths commensurable with the flow depth. Last, the semi-logarithmic plot of Figure 10 (c) reveals the behavior of the growth rate in the small-kH limit: σ(k) approaches 0 from below. This indicates that the very large wavelengths are also stabilised.
The other output of the linear stability analysis is the propagation velocity of the pattern c(k) (Fig. 10d) , which is also very sensitive to the resonance at kH ≃ 1/Fr 2 . It presents a sharp maximum on the left of the resonance followed by a dip on the right of it, where it becomes negative for Fr > 0.7. Note that a zone of anti-dunes develops above Fr ∼ 1.1, whose discussion is beyond the scope of the present paper (see Colombini 2004 , Colombini & Stocchino 2005 .
Dune formation
Gathering the different dispersion relations in the (Fr, kH) space, one produces the stability diagram of Figure 12 . The central region delimited by the two marginal stability curves corresponds to the zone of unstable wavelengths (σ > 0). Large k are stabilised by the saturation length, which explains the lack of dependence on the Froude number in this zone: both the marginal stability and the maximum growth rate curves are vertical lines in the diagram. This simply reflects the fact that ripples do not feel the free surface: they disturb the flow over a thickness of the order of the wavelength λ i.e. much smaller than H. As already mentioned, the most unstable mode always corresponds to ripples (dotted vertical line in the large k zone of Fig. 12) . A second zone of stable modes is located at much smaller kH and is associated to the influence of the free surface. The bedforms excite gravity surface waves that propagate at a speed ∼ g/k. When the latter is equal to the surface velocity i.e for kH = 1/Fr 2 , the wave amplitude reaches a maximum: by definition, this corresponds to resonant conditions (Fig. 16b of part 1) . The waves are in phase for asymptotically large wavenumber and there is a phase-shift of π across the resonance (Fig. 16c of part 1) . As shown in part 1, this tends to move downstream the point of maximum shear stress i.e. to stabilise the bedform. Of course, as the influence of the free surface on the flow is localised over a typical distance λ, its effect as more and more important as kH becomes smaller and smaller. So, there are two conditions under which the free surface can overcome the inertial destabilising effect: around the resonance, since the standing wave amplitude is very large and in the limit of small wavenumbers, as H becomes much smaller than wavelength λ. This is precisely what can be observed in Figure 12 , the sharp stable zone surrounding the resonant curve kH = 1/Fr 2 . For obvious reasons, this new minimum of the growth rate associated to the surface wave resonance comes with a local maximum of σ (dotted line along the restabilised zone). In former studies (Kennedy 1963 , Richards 1980 , Colombini 2004 , the latter has been associated to the formation of dunes by a linear instability. This conclusion is fundamentally wrong. Indeed, the growth rate of this mode is almost the same as that in the unbounded case. In reality, there is no new peak in the dispersion relation that could be associated to dunes: just a secondary maximum on the side of a stabilised zone. Most of the modes between the resonance and the ripples wavenumber are in fact much more unstable. As a matter of fact, the ratio of the primary and the secondary maxima of the growth rate is of the order of (H/L sat ) 2 . For a water depth H ≃ 1m and for L sat ≃ 1mm, considering a typical ripple growth time of the order of 1 minute, the dune would need one year to grow. This time-scale is not reasonably acceptable.
For these reasons, in contrast with the above cited articles, we reach the conclusion that dunes in rivers can not form by a primary linear instability. It is then natural to hypothesise that they form progressively by amalgamation of small scale bedforms (Raudkivi & Witte 1990 , Raudkivi 2006 . Indeed, pattern coarsening -i.e. a progressive growth of the wavelength by merging -is systematically observed in flume experiments. Then, the question is not anymore to find a new destabilising mechanism, as larger and larger length-scales are produced by non-linear processes. On the contrary, one needs to identify the stabilising mechanism limiting this process. As evidenced here, it is exactly the role played by the free surface. Further studies are needed to investigate this non-linear wavelength selection in details. In the purpose of describing the interactions between bedforms, future models will have to incorporate hydrodynamical non-linearities and in particular flow separation. The systematic expansion with respect to the amplitude performed in part 1 may serve as a well-controlled starting point. 
Appendix C. Aeolian measurements
The determination of the wavelength at which a sand bed destabilises under controlled flow conditions is much more difficult for aeolian dunes than for sub-aqueous ripples. As the instability requires few hundred meters to develop, wind tunnels cannot be used. Furthermore, the wind is always fluctuating, contrarily to the flow in controlled flume experiments. Fortunately, the surface of large dunes precisely behave as flat areas of sand and are thus submitted to the primary linear instability (Elbelrhiti & al. 2005) . Figure 14 shows the development of periodic superimposed bedforms on barchan dunes, under the influence of strong winds transverse to the regular trade winds. The analysis of such events allows to determine the relation between the most unstable wavelength and the wind strength (Fig. 13a) . The size of proto-barchans -also called domes -is another tincture of the most unstable wavelength λ, which is sensitive to the mean wind strength (Fig. 13b) . Here we have considered that the typical wind strength is that which would give the average sand flux, if the wind was permanent. In the main text, these results are used to determine the saturation length in the aeolian case (Fig. 9) . 
